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Black hole’s tidal heating and angular momentum
Lau Loi So
Abstract
In 1985 Thorne and Hartle used the Landau-Lifshitz pseudotensor to demon-
strate the tidal heating and angular momentum flux for a black hole. Later in
2004, Poisson used the gravitational perturbation method to study a black hole
and obtained the same result. Poisson proposed a new idea, that the mass
quardupole moment and current quadrupole moment can be written as the
rate of change of the tidal gravitational field. Inspired by these two papers, we
use the method of Thorne and Hartle to study other classical pseudotensors:
Einstein, Bergmann-Thomson, Papapetrou and Weinberg. Moreover, we also
constructed a general expression pseudotensor. We find that for (i) tidal heat-
ing: other classical pseudotensors give the same result as the Landau-Lifshitz
contribution. (ii) angular momentum flux: except for the Einstein pseudoten-
sor, all of them give the same value as the Landau-Lifshitz pseudotensor.
1 Introduction
To examine the black hole tidal heating and angular momentum flux, Thorne and
Hartle used the Landau-Lifshitz pseudotensor [1] to calculate these two physical quan-
tities in 1985 [2]. Instead of using this classical pseudotensor, Poisson used the gravi-
tational perturbation method to study the tidal heating and angular momentum flux
of a black hole in 2004 [3]. It is not surprising that Poisson obtained the same results
as Thorne did, but the surprising thing is that Poisson proposed a new angle. In
his paper: “This is a rather surprising result, as one would expect the quadrupole
deformation of a tidally-distorted body to be proportional to the tidal gravitational
field itself, instead of its time derivative.” Because of this new perspective, one can
immediately find that the rate of change of the energy that is absorbed by a black
hole, from the outside universe, is non-negative.
The classical pseudotensors include those of Einstein [4], Landau-Lifshitz, Bergmann-
Thomson [5], Papapetrou [6] and Weinberg [7]. Moreover, we also constructed a
general expression pseudotensor. Inspired by the work of Thorne and Hartle, our
present paper will demonstrate the same physical quantities, the tidal heating and
angular momentum flux of a black hole using other classical pseudotensors. We find
that for (i) tidal heating: other classical pseudotensors give the same result as the
Landau-Lifshitz, (ii) the angular momentum: except for the Einstein pseudotensor,
all of them contribute the same value as the Landau-Lifshitz pseudotensor.
2 Technical background
Throughout this work, we use the same spacetime signature and notation as in [8],
and we use the geometrical units G = c = 1, where G and c are the Newtonian
constant and the speed of light. The Greek letters denote the spacetime and Latin
letters refer to spatial. In principle, a classical pseudotensor [9] can be obtained from
a rearrangement of the Einstein field equation: Gµν = κT µν , where the constant κ =
8πG/c4, Gµν and T µν are the Einstein and stress tensors. We define the gravitational
energy-momentum density pseudotensor in terms of a suitable superpotential Uα
[µν]:
2κ
√−g tαµ := ∂νUα[µν] − 2
√−g Gαµ. (1)
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Alternatively, one can rewrite (1) as ∂νUα
[µν] = 2
√−g(Gαµ + κ tαµ). Using the Ein-
stein equation, the total energy-momentum density complex can be defined as
Tαµ :=
√−g(Tαµ + tαµ) = (2κ)−1∂νUα[µν]. (2)
This total energy-momentum density is automatically conserved as ∂µTαµ ≡ 0, which
can be split into two parts:
∂νUα
[µν] = 2
√−g Gαµ, ∂νUα[µν] = 2
√−gκ tαµ. (3)
The first part indicates the contribution of matter and the second piece refers to
vacuum gravity [8]. For the condition of interior mass-energy density, it is known
that the Einstin, Landau-Lifshitz, Bergmann-Thomson, Papapetrou and Weinberg
pseudotensors all satisfy the standard result 2Gα
µ at the origin in Riemann normal
coordinates.
Actually there are three kinds of superpotentials: Uα
[µν], Uα[µν] and H [αβ][µν]. This
also must satisfy some further symmetries, under the interchange of the pairs, and
the total antisymmetry of 3 indices. From them the total energy-momentum complex
can be obtained as follows:
2κTαµ = ∂νUα[µν], 2κT αµ = ∂νUα[µν], 2κT αµ = ∂2βνH [αβ][µν]. (4)
In vacuum, t0j is the gravitational energy flux and tkf is the angular momentum
flux [2]. The tidal heating and angular momentum can be computed as
dM
dt
= − 1
2κ
∮
∂V
√−g t0j nˆj r2 dΩ, dJ
i
dt
= − 1
2κ
∮
∂V
ǫij kx
j
√−g tkf nˆf r2 dΩ, (5)
where r ≡ √δabxaxb is the distance from the body in its local asymptotic rest frame
and nˆj ≡ xj/r is the unit radial vector.
In weak field the metric tensor can be decomposed as gαβ = ηαβ + hαβ, and its
inverse gαβ = ηαβ − hαβ. Here we mainly use the first order and ignore the higher
orders. According to Zhang [10], the metric components can be written as
h00 =
3
r5
Iabx
axb − Eabxaxb, (6)
h0j =
4
r5
ǫjpqJ
p
l x
qxl +
2
3
ǫjpqB
p
lx
qxl +
2
r3
I˙ja x
a +
10
21
E˙abx
axbxj − 4
21
E˙jax
ar2,(7)
hij = ηijh00 + h¯ij , (8)
where
h¯ij =
8
3r3
ǫpq
(iJ˙ j)pxq +
5
21
x(iǫj)pqB˙
q
lx
pxl − 1
21
r2ǫpq
(iB˙j) qxp. (9)
Zhang used h¯αβ for the manipulation while we prefer using hαβ, the transformation
is as follows
h¯αβ = hαβ − 1
2
ηαβh. (10)
The corresponding first order harmonic gauge is ∂βh¯
αβ = 0. Moreover, we will sub-
stitute the mass quadrupole moment Iij and current quadrupole moment Jij as de-
termined by Poisson [3]:
I ij =
32
45
M6E˙ij , J ij =
8
15
M6B˙ij, (11)
where M is the mass of the black hole.
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3 The classical pseudotensors
Tidal heating and the angular momentum momentum flux for the classical pseudoten-
sors are presented.
3.1 Einstein pseudotensor
The following is the Freud (F) superpotential:
FUα
[µν] := −√−ggβσΓτ λβδλµντσα. (12)
The corresponding Einstein pseudotensor is
Etα
µ = 2Gα
µ + δµα(Γ
βλ
νΓ
ν
βλ − ΓββνΓνλλ) + ΓββαΓµλλ
+(Γµνα + Γ
νµ
α)Γ
β
βν − ΓββαΓλµλ − 2ΓβναΓµβν . (13)
Using this in [5] in vacuum, the tidal heating for the black hole is
dM
dt
=
1
2
(
I ijE˙ij +
4
3
J ijB˙ij
)
=
16
45
M6(E˙ijE˙ij + H˙
ijH˙ij), (14)
and the angular momentum flux is
dJ i
dt
= −ǫiab
(
IacEbc +
10
9
JacBbc
)
= −32
45
M6ǫiab
(
E˙acEbc +
5
6
B˙acBbc
)
. (15)
This result for angular momentum flux is not the same as that for the other classical
pseudotensors, as we shall see below.
3.2 Landau-Lifshitz pseudotensor
Here we repeat the calculation as Thorne and Hartle did before, but we have different
algebra since we used our notation. Recall the Landau-Lifshitz (LL) superpotential
U
α[µν]
LL := −(−g)gαβgpiσΓτ λpiδλµντσβ , (16)
and the pseudotensor becomes
tαµLL = 2G
αµ + gαµ ΓγγνΓ
pi
pi
ν − 2gαµ ΓγγνΓνpipi + gαµΓν ρ piΓρ ν pi
+Γαµν Γ
νpi
pi − ΓαµρΓpipiρ − ΓµανΓγγν + Γµαρ Γρ νν + 2ΓναµΓγγ ν
+ΓαpiρΓµpiρ − Γανν Γµpipi + Γανν Γpipiµ − ΓανpiΓνpiµ
+Γγγ
α Γµpipi − ΓρpiαΓµρpi − Γpiν αΓν piµ − ΓγγαΓpipiµ, (17)
which is symmetric in α and µ. For this pseudotensor the tidal heating works out to
be
dM
dt
=
1
2
(
I ijE˙ij +
4
3
J ijB˙ij
)
=
16
45
M6(E˙ijE˙ij + H˙
ijH˙ij), (18)
and the angular momentum flux is
dJ i
dt
= −ǫiab
(
IacEbc +
4
3
JacBbc
)
= −32
45
M6ǫiab(E˙
acEbc + B˙
acBbc). (19)
3
3.3 Bergmann-Thomson pseudotensor
The Bergmann-Thomson (BT) superpotential is defined as
U
α[µν]
BT := −
√−ggαβgpiσΓτ λpiδλµντσβ , (20)
and the associated pseudotensor is
tαµBT = 2G
αµ − (gαµΓpipiρ − Γαµρ − Γµαρ)Γρνν + Γανν(Γpiµpi − Γµpipi) + gαµΓβνρΓρβν
+(Γραµ − Γαµρ)Γpipiρ + Γαpiρ(Γµpiρ − Γpiρµ)− Γρpiα(Γµρpi + Γpiρµ). (21)
In vacuum, using this expression the tidal heating works out to be
dM
dt
=
1
2
(
I ijE˙ij +
4
3
J ijB˙ij
)
=
16
45
M6(E˙ijE˙ij + H˙
ijH˙ij), (22)
and the angular momentum flux is
dJ i
dt
= −ǫiab
(
IacEbc +
4
3
JacBbc
)
= −32
45
M6ǫiab(E˙
acEbc + B˙
acBbc). (23)
3.4 Papapetrou pseudotensor
The Papapertrou superpotential is defined as H
[µν][αβ]
P := −
√−ggρpiητγδνµpiγδαβρτ , equiv-
alently one can use U
α[µν]
P ≡ ∂βH [µν][αβ]. In terms of the Bergmann-Thomson super-
potential U
α[µν]
BT , we have
U
α[µν]
P := U
α[µν]
BT +
√−g
4∑
i=1
Ui, (24)
where U1 to U4 are given below in Table 1. In vacuum, the tidal heating using this
pesudotensor (i.e., tαµP = ∂νU
α[µν]
P ) works out to be
dM
dt
=
1
2
(
I ijE˙ij +
4
3
J ijB˙ij
)
=
16
45
M6(E˙ijE˙ij + H˙
ijH˙ij), (25)
and the angular momentum flux is
dJ i
dt
= −ǫiab
(
IacEbc +
4
3
JacBbc
)
= −32
45
M6ǫiab(E˙
acEbc + B˙
acBbc). (26)
3.5 Weinberg pseudotensor
The superpotential for Weinberg(W) is
H
[µν][αβ]
W :=
√−η ηαpiηβξηλκδσµνpiξκ gλσ. (27)
An alternative representation for this superpotential is
U
α[µν]
W := U
α[µν]
W0
+
√−η
10∑
i=2
Ui, (28)
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where the detailed expressions from U2 to U10 are given below in Table 1, and
U
α[µν]
W0
:= −√−η gαβgpiσΓτ λpiδλµντσβ , (29)
and its associated pseudotensor is
tαµW0 = 2G
αµ + gαµ(ΓβλνΓ
ν
βλ − ΓνλνΓββλ)
−ΓαµνΓβνβ + ΓαµνΓνλλ + ΓµαλΓββλ + ΓµαλΓλνν
−ΓαννΓµλλ + ΓαβνΓµβν + ΓαννΓβµβ − ΓαβνΓβνµ
−ΓβναΓµβν − ΓνανΓµλλ + ΓνανΓβµβ − ΓβναΓνβµ. (30)
Referring to (28), in vacuum, the tidal heating is
dM
dt
=
1
2
(
I ijE˙ij +
4
3
J ijB˙ij
)
=
16
45
M6(E˙ijE˙ij + H˙
ijH˙ij), (31)
and the angular momentum flux is
dJ i
dt
= −ǫiab
(
IacEbc +
4
3
JacBbc
)
= −32
45
M6ǫiab(E˙
acEbc + B˙
acBbc). (32)
3.6 General expression pseudotensor
For simplicity, we use the Bergmann-Thomson superpotential as a leading term and
consider the 13 linear artificial higher order term combinations as a modification:
Uα[µν] := U
α[µν]
BT +
√−g
13∑
i=1
ciUi, (33)
where the ci are finite constants, and the explicit extra terms are shown in Table
1. Note that both ∂0(I
ijEij) and ∂0(J
ijBij) contribute null result for the tidal work
dissipation, where ∂0 means the time derivative. In (33), consider within a region
with a non-vanishing matter tensor, then the leading of the Bergmann-Thomson
superpotential gives the standard value 2Gα
µ, but all the Ui contribute null result
to the lowest order. In vacuum, the results of the extra tidal heating work and
angular momentum flux are shown in Table 1. The tidal heating is the same as the
Bergmann-Thomson, i.e.,
dM
dt
=
16
45
M6(E˙ijE˙ij + H˙
ijH˙ij). (34)
But the angular momentum flux is
dJ i
dt
= −32
45
M6ǫiab
[
E˙acEbc +
(
1 +
α
12
)
B˙acBbc
]
, (35)
where α = −c1 + c2 − 2c9 + c10. This means that the tidal heating work is com-
pletely determined by the leading Bergmann-Thomson pseudotensor. However, for
the angular momentum flux, we can alter the value by tuning these four arbitrary
constants c1, c2, c9 and c10. Perhaps, the simplest case may be when α = 0. Thus,
for this general pseudotensor expression, the result for the tidal heating and angular
momentum flux are the same as those given by the Bergmann-Thomson expression,
i.e., the standard values.
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Table 1: Tidal heating work and angular momentum flux for
√−g Ui
Superpotential Tidal heating work Angular momentum flux
U1 = h
µpiΓανpi − (µ↔ ν) − 110∂0(I ijEij) 19ǫiabJacBbc
U2 = h
µpiΓναpi − (µ↔ ν) − 115∂0(J ijBij) −19ǫiabJacBbc
U3 = g
αµhβνΓλλβ − (µ↔ ν) − 110∂0(I ijEij) 0
U4 = h
ανΓµλλ − (µ↔ ν) 0 0
U5 = h
αµΓλνλ − (µ↔ ν) 110∂0(I ijEij) 0
U6 = g
αµhβλΓβλ
ν − (µ↔ ν) −1
5
∂0(I
ijEij +
2
3
J ijBij) 0
U7 = g
ανhβµΓβ
λ
λ − (µ↔ ν) 0 0
U8 = g
ανhβλΓµβλ − (µ↔ ν) − 110∂0(I ijEij − 43J ijBij) 0
U9 = h
αλΓνµλ − (µ↔ ν) 110∂0(I ijEij + 43J ijBij) 29ǫiabJacBbc
U10 = h
νpiΓpi
αµ − (µ↔ ν) − 1
15
∂0(J
ijBij) −19ǫiabJacBbc
U11 = hΓ
νµα − (µ↔ ν) −1
5
∂0(I
ijEij) 0
U12 = g
αµhΓλνλ − (µ↔ ν) −15∂0(I ijEij) 0
U13 = g
αµhΓνλλ − (µ↔ ν) 0 0
4 Conclusion
In our universe, black holes are some of the strangest and most fascinating objects.
In 1985 Thorne and Hartle used the Landau-Lifshitz pseudotensor to study the tidal
heating and angular momentum flux for a black hole. After 19 years, Poisson used
an alternative method, the gravitational perturbation, to study the black hole and
obtained the same result. Our present paper use the method as Thorne and Har-
tle did, demonstrate the Einstein, Bergmann-Thomson, Papapetrou and Weinberg
pseudotensors. Moreover, we also constructed a general expression pseudotensor.
We find that, for the tidal heating work, all of these pseudotensors give the same
value as Landau-Lifshitz. However, for the angular momentum flux, except Einstein
pseudotensor gives a slightly different value, and all the other classical pseudoten-
sors contribute the same result. Moreover, we also constructed a general expression
pseudotensor to illustrate the other possible combinations.
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